Abstract. The Guillemin-Uribe trace formula is a semiclassical version of the Selberg trace formula and the more general DuistermaatGuillemin formula for elliptic operators on compact manifolds, which reflects the dynamics of magnetic geodesic flows in terms of eigenvalues of a natural differential operator (the magnetic Laplacian) associated with the magnetic field. In the present paper, we give a survey of basic notions and results related with the Guillemin-Uribe trace formula and provide concrete examples of its computation for two-dimensional constant curvature surfaces with constant magnetic fields and for the Katok example.
Introduction
The Selberg trace formula [41] , which plays the fundamental role in modern number theory, for a function h ∈ C ∞ c (R) and a compact hyperbolic surface X, expresses the trace of the operator h(∆), where ∆ is the LaplaceBeltrami operator on X, in terms of the volume of X and the lengths of closed geodesics on it. Numerous applications of the formula and its generalizations in the theory of dynamical systems are related with this. For the circle, it turns into the Poisson summation formula, and, for the two-sphere of constant curvature, the formula for the trace of h(∆) has a natural interpretation in terms of the area of the sphere and closed geodesics, all of them being degenerate in this case (see, for instance, [31] ).
The development of the variational theory of closed magnetic geodesics having its origins in the papers of S. P. Novikov [37, 36] gave rise to many remarkable results, which we will not dwell on here. In this paper, we will consider the question whether there exist analogs of the trace formula for magnetic geodesic flows, reflecting the dynamics of the flows in terms of the eigenvalues of some natural differential operator (the magnetic Laplacian) associated with the magnetic field.
The magnetic geodesic flow on an n-dimensional manifold M is determined by a Riemannian metric g and a closed 2-form F . Namely, it is the following Hamiltonian system on the cotangent bundle X = T * M of M . Denote by Ω 0 the canonical symplectic form on T * M : Ω 0 = n j=1 dp j ∧ dx j .
The magnetic flow Φ t : T * M → T * M associated with (g, F ) is the Hamiltonian flow given by the Hamiltonian Here π M : T * M → M denotes the canonical projection. In local coordinates, this expression is written as Ω = n j=1 dp j ∧ dx j + n j,k=1
where F = n j,k=1
Hamilton's equations given by an arbitrary Hamiltonian H with respect to the form Ω are written as (3) dx j dt = ∂H ∂p j , dp j dt = − ∂H ∂x j + n k=1 F jk ∂H ∂p k , j = 1, . . . , n.
In particular, if H is given by (1), we get a Hamiltonian system defining the magnetic flow Φ t :
(4) dx j dt = p j , dp
∂g kℓ ∂x j p k p ℓ + n k=1 F jk p k , j = 1, . . . , n, where p j = n k=1 g jk p k . Let J : T M → T M be the skew-symmetric operator such that
If (x(t), ξ(t)) = Φ t (x, ξ) is a trajectory of the magnetic flow Φ, then its projection to M satisfies the second order differential equation (5) ∇
, It is easy to see that the restriction of the magnetic geodesic flow to different energy levels {H(x, p) = E = const} are trajectory non-isomorphic, as opposed to the case of geodesic flow. Therefore, we will always consider the magnetic geodesic flow at a fixed energy level.
A natural candidate for the magnetic analog of the Selberg trace formula is the Guillemin-Uribe formula [23] (see the formula (16) in Theorem 1), which can be applied in the case when the magnetic field form F satisfies the quantization condition (6) [F ] ∈ H 2 (M, 2πZ).
In this case, F equals (up to multiplication by i) the curvature form of some Hermitian bundle L on M . This fact allows us to construct the magnetic Laplacian associated with F , for which the Guillemin-Uribe formula holds.
Observe that there are another methods of constructing trace formulas for magnetic Laplacians [11, 27, 9] , which, however, are not related with restrictions of the flow to fixed energy levels.
Let us introduce some notions necessary for the exposition. Let (M, g) be a compact Riemannian manifold of dimension n and let (L, h L ) be a Hermitian line bundle on M with a Hermitian connection
The curvature form of ∇ L is given by R L = (∇ L ) 2 . We will assume that it is related with the magnetic field form F by
It is well known that, if F satisfies the quantization condition (6) , then such a Hermitian line bundle (L, h L ) with Hermitian connection ∇ L exists. The Riemannian metric on X and the Hermitian structure on L allows us to define inner products on C ∞ (M, L) and C ∞ (M, T * M ⊗ L) and the adjoint operator
The magnetic Laplacian is a second order differential operator acting on
This operator can be considered as the Bochner Laplacian associated with the Hermitian line bundle L. Let ∇ T M be the Levi-Civita connection of g. If {e j } j=1,...,n is a local orthonormal frame in the tangent bundle T M , then the operator ∆ L is given by
Choose local coordinates (x 1 , . . . , x n ) on an open subset U of M . Assume that the Hermitian line bundle L is trivial on U , i.e.
Then the covariant derivative ∇ L can be written as
where A = n j=1 A j (x) dx j is a real-valued connection 1-form (the magnetic potential). It is easy to check that R L = −idA and F coincides with the the magnetic field 2-form
Let us write the matrix of the Riemannian metric g as g(x) = (g jℓ (x)) 1≤j,ℓ≤n , its inverse as g(x) −1 = (g jℓ (x)) 1≤j,ℓ≤n and denote |g(x)| = det(g(x)), then ∆ L takes the form
Observe that, if two Hermitian connections on the Hermitian line bundle (L, h L ) are gauge equivalent, then the corresponding magnetic Laplacians are unitary equivalent and their spectra are the same. Therefore, if the manifold M is simply connected, then the eigenvalues of the magnetic Laplacian ∆ L depend only on the magnetic field form F .
For any N ∈ N, consider the N th tensor power
Let {ν N,j , j = 0, 1, 2, . . .} be the eigenvalues of the operator ∆ L N taken with multiplicities. Put
Following the notations of [23] , we denote by H(x, p) another Hamiltoinian related with H by the formula
that implies the relation between the (physical) energy levels E associated with the Hamiltonian H and the (formal) energy levels E associated with the Hamiltonian H:
For the sake of brevity and following [23] , we will also use notation
Fix E > 1. It turns out that the asymptotic distribution of λ N,j in intervals of the form (EN − τ, EN + τ ) with an arbitrary τ > 0 is related with the geometry of the corresponding magnetic flow at the energy level E. This relationship is expressed by the trace formula proved by V. Guillemin and A. Uribe in [23] , which describes the asymptotic behavior as N → ∞ of the sequence (11) Y
defined by an arbitrary function ϕ ∈ S(R). The Guillemin-Uribe trace formula is a semiclassical version of the Selberg trace formula and the more general Duistermaat-Guillemin formula for elliptic operators on compact manifolds in the spirit of the semiclassical trace formula, first suggested by M. Gutzwiller in [25] and mathematically rigorously proved in [32, 33, 39, 10, 43] (see also [48] ). Unlike them, the Guillemin-Uribe trace formula is less known and scarcely considered by the experts in mathematical physics and dynamical systems. In [24] , this formula was extended to the case of the quantum Hamiltonian, describing the motion of a charged particle in an external Yang-Mills field with an arbitrary gauge group.
In the present paper, after the exposition of the Guillemin-Uribe formula in Section 2, we give in Section 3 concrete examples of its computation for two-dimensional constant curvature surfaces with constant magnetic fields and for the Katok example. These computations show that the trace formula reflects some dynamical effects. However, for now, it is too early to talk about its broad applicability in the theory of dynamical systems. Let us make a couple of remarks on this issue.
Remark 1 (Mañé level). It was clear from the early 1980s that one should use different methods for large and small energy levels to prove the existence of periodic magnetic geodesics [36, 44] . In the case when the magnetic field is given by an exact form, the usual Morse theory can be applied for large energies, whereas for small energies (the case of "strong", with respect to the energy level, magnetic field), one should use completely different methods [38, 45, 46] . In the case when the magnetic field is not exact, an analog of "strong" magnetic fields was introduced in [47] . One can apply to such fields an approach suggested in [46] . The exposition of the state of the art in the variational theory of closed magnetic geodesics on surfaces can be found in [1, 2] (see also the references therein). In [14] , it was established that, for exact magnetic fields on two-dimensional surfaces, the energy levels, with respect to which the magnetic field is "strong" or "weak", are separated by one constant, which equals the Mañé level of this Hamiltonian system. The notion of the Mañé level plays an important role in the theory of dynamical systems [13, 7, 28] .
The trace formula applied to the magnetic geodesic flow associated with the hyperbolic metric y −2 R 2 (dx 2 + dy 2 ) and the magnetic field F = y −1 dx ∧ dy is defined only for the energies below the Mañé level E M = 1/(2R) and can't be extended analytically at this level and above it (see Theorem 7 below).
Above this energy level, the flow becomes to be Anosov and is conjugate to the geodesic flow on the constant negative curvature surface. An analog of the classical Selberg trace formula holds for it [11] (it is exactly a physical interpretation of the classical Maass-Selberg trace formula for the Laplacian on automorphic forms [26, 49] ). It doesn't reflect the dynamics of the magnetic flow at fixed energy levels.
Remark 2 (The Katok example). The Katok example [29] , demonstrating that the KAM theorem fails for degenerate Hamiltonians, can be represented in the form of the magnetic geodesic flow on the two-sphere at a fixed energy level [40] . Actually, there is a one-parameter family of flows, depending on a parameter ε, where 0 ≤ ε < 1, moreover: 1) if ε = 0, we have the usual geodesic flow on the sphere of constant curvature; 2) if ε > 0, then, for rational ε, all trajectories are closed, and, for irrational ε, the flow has only two closed trajectories, which are the equator of the sphere, running in two opposite directions. Note that these equators are trajectories for all values of ε.
The trace formula for these flows for irrational ε splits into two components, each of them is naturally identified with the contribution of one of equatorial trajectories. The coefficients of the asymptotic expansions are spectral invariants of the magnetic Laplacians. They can be considered as analogs of the wave invariants of closed geodesics.
In the case of closed geodesics, the wave invariants [20, 52, 53, 21] are expressed in terms of the coefficients of the quantum Birkhoff normal form for the wave operator in a neighborhood of the closed geodesic, that allows one to compute them in terms of invariants of the Riemannian metric and dynamic invariants of closed geodesics.
For closed magnetic geodesics, similar invariants haven't been considered yet.
2.
The trace formula 2.1. Classical dynamics. Let (M, g) be a compact Riemannian manifold of dimension n and let (L, h L ) be a Hermitian line bundle on M with a Hermitian connection ∇ L . Fix E > 1. As mentioned in Introduction, we will consider the Hamiltonian flow φ on the cotangent bundle X = T * M of M equipped with the twisted symplectic form Ω defined by the Hamiltonian H given by (12) H
The corresponding Hamiltonian system has the form:
It is easy to see that the solutions of this system with a given energy level H = E coincide (up to a time change, depending on E) with the solutions of (4). The trace formula (see Theorem 1 below) is derived under an additional assumption on the set of periodic trajectories of the flow with a fixed energy level, which is called the cleanness condition for the flow. It is a generalization of the non-degeneracy condition for isolated periodic trajectories and is based on the notion of clean intersection of submanifolds introduced by R. Bott [4] .
Denote
It is easy to see that E > 1 is a regular value of H, and, therefore, X E is a smooth submanifold of T * M . Definition 1. We say that the flow φ is clean on X E , if the set P = {(T, x) ∈ R × X E : φ T (x) = x} is a submanifold of R × X E , and, for any (T, x) ∈ P, the following identity holds:
If the set of periods of the flow is discrete, cleanness of the flow is equivalent to the following condition: for every period T , the fixed point set
of φ T is a submanifold of X E , and at each x ∈ P T the tangent space of P T coincides with the set of fixed vectors of the tangent map d(φ T ) x . Now suppose that the magnetic field form F satisfies the condition (6). Recall the notion of action for closed curves in T * M . Let η be the canonical 1-form on T * M :
In the case when F is exact, i.e. F = dA for some real-valued 1-form A, the action S γ of a closed curve γ in T * M is defined by
In the case of an arbitrary form F , the action of γ is defined modulo multiplies of 2π. Denote by h A (γ) ∈ S 1 = R/2πZ the holonomy of the projection π M • γ of the curve γ to M with respect to the connection ∇ L on L. Then the action S γ of γ is given by
Suppose that a curve γ is given by a periodic solution of the system (13) on X E with period T . Then, after a time change, it is given by a periodic solution of the system (4) with period L, which coincides with the length of the closed curve π M • γ. It is easy to see that
Since the Hamiltonian H given by (1) is homogeneous of degree 2 in momenta, the relation η, Ξ H = 2H holds for the corresponding Hamiltonian vector field Ξ H (with respect to Ω). This implies that
where the sign ± depends on the orientation of γ. Thus, if the form F is exact, F = dA for some real-valued form A, the action of a periodic trajectory γ of the flow φ on X E of length L is given by (14) S
and, in the case of an arbitrary form F , it is given by Theorem 1. Assume that the flow φ is clean on X E for some E > 1. Then, for any ϕ ∈ S(R), the sequence Y N (ϕ) admits an asymptotic expansion (the trace formula)
where the coefficients c j (N, ϕ) are bounded in N . Moreover, the following statements about the leading coefficient c 0 in the expansion (16) and the
(1) If 0 is a unique period in supp(φ), whereφ is the Fourier transform of ϕ, then d = n − 1 and
(2) More generally, assume that there is a unique period T of the flow φ in the support ofφ. Let Y 1 , . . . , Y r be the connected components of P T of maximal dimension (denote it by k). Then d = (k − 1)/2, and, for each j = 1, . . . , r, there is a density α j on Y j defined in terms of the classical dynamics such that
where m j = m Y j is the (common) Maslov index of the trajectories in Y j and S j is their (common) action.
If there is a unique periodic trajectory γ ⊂ X E , whose period T γ is in the support ofφ, then d = 0 and the assumption on the flow φ to be clean on X E implies invertibility of the map I − P γ , where P γ denotes the Poincaré map of γ. The density α on P T can be computed explicitly, that results in following formula: Let V be a symplectic vector space of dimension 2n. The Lagrangian Grassmannian is the set Λ = Λ(V ) of Lagrangian subspaces of V . It is a regular algebraic subvariety of dimension n(n + 1)/2 in the Grassmannvariety of all n-dimensional linear subspaces of V . For any λ ∈ Λ(V ) and k = 0, 1, . . . , n, consider the set
Λ 0 (λ) is an affine space associated with the vector space S 2 V -the symmetric tensor power of V , Σ(λ) := Λ \ Λ 0 (λ) is an algebraic subvariety of codimension 1 in Λ(V ), whose regular part is Λ 1 (λ) and singular part is
is oriented and connected. The variety Σ(λ) defines an oriented cycle of codimension 1 in Λ, independent of the choice of λ ∈ Λ and Poincaré dual to the generator of 
Since Λ 0 (λ) is simply connected, this definition is independent of the choice of ω ′ . Now let us go back to the situation considered in the previous subsection. Let (M, g) be a compact Riemannian manifold of dimension n and let (L, h L ) be a Hermitian line bundle on M with a Hermitian connection ∇ L . Let Π : S → M be the orthonormal frame bundle of L: S = {x ∈ L : |x| h L = 1}. It is a principal S 1 = R/2πZ-bundle on M . We will denote by e iθ · x the action of θ ∈ S 1 on x ∈ S given by the complex multiplication in the fibers of L. Let ∂/∂θ denote the infinitesimal generator of the S 1 -action on S.
The connection ∇ L induces a connection on the principal bundle Π : S → M . There exists a unique S 1 -invariant Riemannian metric on S such that Π is a Riemannian submersion: the length of ∂/∂θ equals 1, the horizontal subspaces of the connection on S are orthogonal to the fibers of Π and are mapped isometrically by the map Π to the corresponding tangent spaces of the manifold M . The induced map T * Π : T * S → T * M is well-defined. The magnetic geodesic flow φ on T * M coincides with the Hamiltonian reduction of the Riemannian geodesic flow f on T * S.
For E > 1, put
Denote by π : Z → T * M the restriction of Π to
It is easy to see that π : Z → X and π E : W → X E are principal S 1 -bundles. Let T be a period of the flow φ on X E , let Y be a connected component of P T = {x ∈ X E : φ T (x) = x} of dimension k and z ∈ Y . One can show (see [23, Lemma 4.1] ) that there is θ ∈ R such that, for any ν ∈ π −1 E (z), we have
Choose some ν ∈ π −1 E (z) and put µ = f T (ν). Thus, µ ∈ π −1 (z) and e iθ · µ = ν. Choose local coordinate system with coordinates x ∈ R n in a neighborhood U of π(z) ∈ M and denote by ξ ∈ R n the dual coordinates in the cotangent bundle T * M . We can assume that a trivialization of the bundle π E is defined over U . Thus, π −1 (U ) ∼ = U × S 1 is a coordinate neighborhood of z with the coordinates (x, θ) ∈ U × S 1 and the dual coordinates (ξ, τ ) ∈ R n+1 in the cotangent bundle T * S. The choice of coordinates determines horizontal Lagrangian subspace H ν of T ν (T * S) defined by the equations δξ = 0, δτ = 0. Consider the curve ω in the Lagrangian Grassmanian Λ(T ν (T * M )) defined by
where
is the vertical subspace. Denote by κ the intersection number of the curve ω with H ν ∈ Λ(T ν (T * S)) defined by (20) :
Let χ(x, η) be the generating function of the canonical transformation f T of T * S. It means that det(∂ 2 χ/∂x∂η) = 0 and in some neighborhood of (ν, µ) ∈ T * S × T * S the graph C of f T has the form
The integer m Y associated to the connected component Y is given by
This formula agrees with a more general definition given in [23, Proposition 3.7].
2.4.
On the proof of the trace formula. In this section, we will briefly describe the main ideas of the paper of V. Guillemin and A. Uribe, which is based on a further elaboration of the paper by Y. Colin de Verdière [8] .
Let E > 1 and ϕ ∈ S(R). Consider the distribution Y ∈ D ′ (R) given by
It is a 2π-periodic distribution
and belongs to the generalized Hardy space, i.e., its Fourier series involves only positive frequencies. The key idea is to interpret N as an eigenvalue of the operator i −1 ∂ θ on the unit circle S 1 = R/2πZ with the coordinate θ. In local coordinates, this means that it is supposed to consider instead of the operator (9) a so called horizontal Laplacian ∆ h on M × S 1 given by
In the global setting we consider the principal S 1 -bundle associated with
The connection on L gives rise to a connection on S, i.e. an S 1 -invariant distribution, transversal to the fibers of the fibration Π : S → M (the horizontal distribution of the connection). The horizontal Laplacian ∆ h is naturally determined by the horizontal distribution and the Riemannian metric on M . The eigenvalues of ∆ h are described as follows (cf., for instance, [22, Lemma 5.4] ). For any k ∈ Z, consider the space E k of smooth functions on S such that f (e iθ · x) = e −ikθ f (x) for any x ∈ S and θ ∈ S 1 . Functions from E k can be identified with sections of the vector bundle S × S 1 C ∼ = L k on M associated with the principal bundle Π : S → M and the unitary representation S 1 ∋ θ → e ikθ ∈ C of the group S 1 . Under the isomorphism
, the restriction of ∆ h to the subspace E k corresponds to the magnetic Laplacian ∆ L k . Therefore, the eigenvalues of ∆ h are of the form {ν k,j , j ∈ N, k ∈ Z}. The operator ∆ h is not an elliptic operator, therefore, it is more convenient to replace it with an elliptic operator.
Let ∂/∂θ be the infinitesimal generator of the S 1 -action on S. Fix an S 1 -invariant Riemannian metric on S such that Π : S → M is a Riemannian submersion and, moreover, the horizontal subspaces of the connection on S are orthogonal to the fibers of the fibration Π. Let ∆ be the associated Laplace-Beltrami operator on S. It has the form
Consider the operator P = ∆ 1/2 , which is a first order elliptic pseudodifferential operator on S. Its eigenvalues have the form {λ k,j , j ∈ N, k ∈ Z} (cf. (10)). Moreover, if A is the first order differential operator
then its eigenvalues are integers, and the eigenspace, corresponding to the eigenvalue k ∈ Z, is E −k . The operators P and A commute, and their joint eigenvalues are of the form (λ k,j , −k).
The distribution Y ∈ D ′ (R) can be interpreted as the distributional trace of the operator ϕ(P − EA)e isA : for any test function f ∈ C ∞ c (R),
wheref denotes the inverse Fourier transform of f . Here the operator P − EA is not necessarily elliptic. Therefore, the operator ϕ(P − EA) is not in general of trace class. But the operators P − EA and A are commuting jointly elliptic operators on S, that allows one to prove that the operator ϕ(P − EA)f (A) is a smoothing operator and, therefore, its trace is welldefined.
In [23] , V. Guillemin and A. Uribe made an analysis of the distribution Y in the spirit of the proof of the Duistermaat-Guillemin trace formula [16] . First of all, they gave the following description of the singularities of the distribution Y (see [23, Theorem 6.9 
]).
Theorem 2. If Y is not smooth in s ∈ R, then there exists a closed curve γ in M , satisfying the equation (5) and the condition γ = c :=
Definition 2. Let Y be a distribution on the real line and let s ∈ R be a singularity of Y . We will say that s is a classical singularity of degree d if • it is an isolated singular point;
• for any ρ ∈ C ∞ c (R) such that ρ ≡ 1 in a neighborhood of s and there is no other singularity of Y in the support of ρ, we have
If, in addition, c − j = 0 for all j ≥ 0, we will say that such a classical singularity is positive. The character of singularities of Y reflects in the asymptotic behavior of its Fourier coefficients Y N (ϕ). This is stated more precisely in the following lemma, which allows one to derive from Theorem 3 the asymptotic expansion of the sequence Y N (ϕ) as N → ∞.
Consider a 2π-periodic distribution
Suppose that Y has finitely many singular points ω 1 , . . . , ω K on the circle S 1 , which are positive classical singularities. For every j = 1, . . . , K, choose u j such that −iu j = log ω j and denote by d j the degree of the corresponding singularity. By assumption, if ρ j is a cut-off function near u j , we have an asymptotic expansion of the form 
2.5. Periodic flows. The case of periodic magnetic flows was considered in [5, Section 4] . Assume that, for some E > 1, the manifold X E is connected, and each point in X E is periodic with minimal period T > 0. For any x ∈ X E , denote by γ x the trajectory φ t (x), t ∈ [0, T ]. One can show that the action x → e iSγ x is constant on X E . Assume that the trajectories γ x satisfy the Bohr-Sommerfeld quantization condition:
It follows from Theorem 2 that the singularities of the distribution Y ∈ D ′ (R) given by (25) have the form s = 2πk, k ∈ Z.
Theorem 4. [5, Theorem 4.8]
Suppose that an energy level E satisfies the above conditions. There are constants C 1 , C 2 > 0 and an integer σ such that, if N is sufficiently large, the following inequality holds:
Denote by J(N ) the set of indices on the right hand side of this inequality:
Then, for large N , the cardinality of J(N ) is a polynomial of N of degree n − 1, whose leading coefficient equals the Liouville measure of X E divided by (2π) n .
Moreover, one can claim that there is an integer N 0 such that, for sufficiently large N , the cardinality of J(N ) is equal to P (N + N 0 ), where P is the Riemann-Roch polynomial of the symplectic manifold X E /S 1 T , where the group S 1 T = R/T Z acts on X E via the flow φ t . Finally, by [5, Proposition 4.10], for any function ϕ ∈ C ∞ c (R), there is an asymptotic expansion
Here vol denotes the Liouville measure on X E and ρ is some function on X E .
Examples

Constant magnetic field on the two-torus. Consider the two-torus
equipped with the standard flat Riemannian metric
Let L be the line bundle over T 2 , whose sections are identified with functions u ∈ C ∞ (R 2 ), satisfying the conditions (26) u(x + 1, y) = e iBy u(x, y), u(x, y + 1) = u(x, y).
Such functions are examples of Bloch functions in the magnetic field [34, 35] . The periodicity condition for the function e iBy gives a quantization condition (27) B = 2πn, n ∈ Z.
Then the Hermitian connection on L can be defined as
The magnetic field form F is given by
Theorem 5. For any ϕ ∈ S(R) and for any E > 1, one has an asymptotic expansion
The coefficients c j can be computed explicitly. For the first two of them, we get
Proof. We recall the computation of its eigenvalues and eigenfunctions of the operator ∆ L N . Let u ∈ C ∞ (T 2 , L) be an eigenfunction of ∆ L N with the corresponding eigenvalue ν. So u is a smooth function on R 2 , satisfying (26) , such that
The operator ∆ L N has the form
Let us expand the function u in the Fourier series in y:
The functions u k satisfy the ordinary differential equations
The first condition in (26) implies that
Using a well-known computation of the spectrum of the quantum Hamiltonian of the harmonic oscillator, we infer that ν is of the form (Landau levels) ν N,j = 2πN (2j + 1), j = 0, 1, 2, . . . , and the corresponding eigenfunction u k is given by 
Let us make the change of the summation index in the right hand side of (32):
where {·} denotes the fractional part of a number. Then this formula reads as follows:
Since ϕ ∈ S(R), it is clear that
Recall the Taylor expansion for f (x) = √ 1 + x − 1 at x = 0:
For each n, we have the following asymptotic expansion for the argument of ϕ in (33) as N → ∞:
Using this expansion and the Taylor expansion of ϕ:
we obtain the asymptotic expansion (28) . Let us compute the first two terms of (28) . For the coefficient at N we get
Recall the Poisson summation formula
where the function f belongs to S(R) and its Fourier transformf is given byf
Applying (37) in the right-hand side of (36), we immediately get (29):
For the next coefficient, we have
By the Poisson summation formula (37) with f = ϕ(x)x 2 , we get (30). Theorem 5 is proved.
We give a geometric interpretation of the formula (29), comparing it with the general formulas (17) and (18) .
The Hamiltonian H given by (12) has the form
The Liouville form on X E = H −1 (E) ⊂ T * M is written as vol = dx dy dp x dp y dH , and, by simple computations, we get
This shows that (29) for k = 0 agrees with (17) .
For an arbitrary (not necessarily satisfying the quantization condition) value of the constant magnetic field B, trajectories of a particle are wellknown -they are "Larmor orbits", which are taken to the circle of radius
clockwise oriented, by the lift to the universal covering f : R 2 → T 2 . The period of these trajectories (as trajectories of the Hamiltonian system defined by H) equals T = 2πE/B. Since the magnetic geodesic flow is periodic, it is clean on X E and d = n − 1 = 2. Assume now that B satisfies the condition (27) . Compute h A (γ): by Stokes formula, we get
where the disc D is bounded by the trajectory, and the sign minus appears because the orientations of the trajectory and the boundary of the disc are different. Finally, we obtain
When B = 2π, by (15), we get
This shows that (29) for k = 0 agrees with (18) . In particular we conclude that m = 4. Since the flow is periodic, f T = id and, therefore, sgn R = 0.
On the other hand, we get κ = 2.
Let us illustrate the statement of Theorem 4 on this example. It is easy to see that, if S γ = (E 2 − 1)/2 ∈ 2πZ and the eigenvalue λ N,j satisfies the condition
then n = 0. Therefore, λ N,j = √ E 2 N 2 + 2πN and the following relation holds
This statement agrees with Theorem 4, if we put σ = 2 and take into account that T = E.
3.2.
The two-sphere. Let the Riemannian manifold (M, g) be the twosphere
with the Riemannian metric induced by the embedding into the Euclidean space R 3 . In the spherical coordinates
the Riemannian metric g is given by
Consider the magnetic field form F of the form
The quantization condition means that
For B = n/2, n ∈ Z, the corresponding Hermitian line bundle L n can be described as the line bundle associated with the Hopf fibration S 3 → S 2 and the character χ n : S 1 → S 1 given by χ n (u) = u n , u ∈ S 1 . In physics literature, L n is a well-known Wu-Yang magnetic monopole [50] , which provides a natural topological interpretation of Dirac's monopole of magnetic charge g = n /(2e).
Theorem 6. Let B = 1/2. For any ϕ ∈ S(R) and any E > 1, one has an asymptotic expansion
In particular, when R = 1/2, we get
Proof. The spectrum of the magnetic Laplacian ∆ L N was computed in [51] (see also [30, 18] ). It consists of the eigenvalues (spherical Landau levels)
with multiplicity m N,j = N + 2j + 1. The corresponding eigenfunctions are known as monopole harmonics.
According to this description of the spectrum, we get the following expression for the function Y N (ϕ):
Let us put
− 1 2 and make the change of the summation index in the right hand side of (41):
To simplify the notation, put
The numbers λ N,j defined by (10) are of the form
and, by use of (34), we get the following asymptotic expansion for the argument of ϕ in (41) as N → ∞:
For multiplicities, we have m N,n = (2α + 1)N + 2 n + t P .
As above, using these asymptotic expansions and (35), we obtain the asymptotic expansion (39) . The computation of the coefficients c 0 and c 1 in the expansion (39) can be made by analogy with the computation given in Subsection 3.1, using the Poisson summation formula (37), and we will omit it. Theorem 6 is proved.
We give a geometric interpretation of the formula (40) , comparing it with the general formulas (17) and (18) .
, and the corresponding Hamiltonian system is explicitly and easily solved.
Similarly to the case of the two-torus, we compute the Liouville measure on X E = H −1 (E):
We see that the formula (40) for k = 0 agrees with (17) . All trajectories will be closed again with the same period
The flow is periodic. Therefore, it is clean on X E and d = n − 1 = 2.
For an arbitrary value of the magnetic field B the projections π M • γ of periodic trajectories γ to the sphere are the circles (the sections of the sphere by planes in R 3 ) of Euclidean radius
where, we recall, c = √ E 2 − 1 = √ 2E, and of length 2πr. Now we assume that B satisfies the quantization condition (38) . Let us compute h A (γ) ∈ S 1 , the holonomy of π M • γ with respect to ∇ L :
where A is the connection form of ∇ L with respect to some trivialization of L over the upper hemisphere. We have dA = F = B dvol M . Therefore, using Stokes' formula, we get:
where D is the spherical disc, bounded by the trajectory and entirely belonging to the hemisphere, and S is its area. In the end, we find:
Finally, by the formula (14) for B = 1/2 we compute
Thus, we see that the formula (40) for k = 0 agrees with (18).
3.3. The hyperbolic plane. Consider the hyperbolic plane H = {(x, y) ∈ R 2 : y > 0} equipped with the Riemannian metric
Assume that the Hermitian line bundleL is trivial and the connection ∇L onL is given by the connection form
So we haveF = B dvol H = B dx ∧ dy y 2 . Let Γ ⊂ P SL(2, R) be a cocompact lattice acting freely on H. Then M = Γ \ H is a compact Riemannian surface. The quantization condition (6) holds if
where g is the genus of the surface M . Indeed (see, for instance, [3] 
On the other hand, by the Gauss-Bonnet theorem, we have
where K = −1 is the Gauss curvature of M . Hence, we get
Sections of the associated Hermitian line bundle L on M can be identified with functions ψ on H, satisfying the condition
Let K = T * (1,0) M be the canonical bundle of the Riemann surface M . With a function ψ : H → C, satisfying (43) , one can associate a section of K −B in the following way. Put f (z) := y B ψ(z). Then it is easy to see that
and, therefore, f defines a section of K −B . The function ψ itself defines a section of K −B/2 ⊗K B/2 . Holomorphic functions f , satisfying (44) , are called Γ-automorphic forms of weight −2B.
The corresponding magnetic Laplacian ∆ L first appeared in the theory of automorphic forms, where it is known as the Maass Laplacian. Its spectrum was computed in [17] (see also [12, 18] ). In [6] , the authors used a semiclassical approach based on the canonical Maslov operator theory to describe the spectrum of the magnetic Laplacian ∆ L and its degeneration (see also a survey [15] ).
Theorem 7. Let B = 1. For any ϕ ∈ S(R) and 1 < E < 1/R 2 + 1, one has an asymptotic expansion
Proof. For an arbitrary B, the magnetic Laplacian on H is given by
Its spectrum on L 2 (H) consists of two parts: eigenvalues of infinite multiplicity in the interval [0, 1/4 + B 2 /R 2 ) of the form (hyperbolic Landau levels)
and the semi-axis [ 1/4 + B 2 /R 2 , +∞). Therefore, if B satisfies the quantization condition, then the spectrum of the corresponding magnetic Laplacian ∆ L on M consists of two parts -integrable and chaotic. We are interested in the integrable part of the spectrum, which consists of the eigenvalues E j given by (47) . By the Selberg formula, each E j has multiplicity
Put B = 1. Then for any N ∈ N the integrable part of the spectrum of the magnetic Laplacian ∆ L N consists of the eigenvalues
with multiplicity
Observe that the associated numbers λ N,j defined by (10) :
satisfy the condition
Therefore, we get the following expression for the function Y N (ϕ) for ϕ ∈ S(R) and 1 < E < µ := √ R 2 + 1/R:
Let us make the change of the summation index in the right hand side of (48) by the formula
Then the numbers λ 2 N,j are of the form
and, by (34), we get the asymptotic expansion for the argument of ϕ in (48) as N → ∞:
For the multiplicities, we get
As above, using these asymptotic expansions and (35), we obtain the asymptotic expansion (45) . The computation of the coefficients 0 and c 1 in the expansion (45) can be made by analogy with the computation given in Subsection 3.1, using the Poisson summation formula (37) , and we will omit it. Theorem 7 is proved.
We give a geometric interpretation of the formula (46) , comparing it with the general formulas (17) and (18) .
The Hamiltonian H defined by (12) has the form
Therefore, we have
and the Liouville measure on X E has the form: vol = dx dy dp x dp y dH .
This shows that (46) for k = 0 agrees with (17) . Recall a well-known description of the magnetic geodesic flow on the hyperbolic plane (see, for instance, [23, p. 416] ).
If cR = √ E 2 − 1R > 1, then the projections of trajectories of the flow on X E to H are circular arcs that intersect the x-axis in the angle θ such that 1/ cos θ = cR. The flow is conjugate to the geodesic flow on X E up to a constant time scaling.
If cR = √ E 2 − 1R = 1, then the projections of trajectories of the flow on X E to H are classical horocycles.
If cR = √ E 2 − 1R < 1, then the projections of trajectories of the flow on X E to H are circles on the hyperbolic plane of radius r, where tanh r = cR. The length of such a circle equals
The flow is periodic with period T = 2πE/ √ 1 − c 2 R 2 . So it is clean on X E and d = n − 1 = 2.
This implies, in particular, that at the level E = √ R 2 + 1/R, i.e. for E = 1/(2R), the magnetic geodesic flow on the closed Riemann surface M has no periodic trajectories [19] .
Let us compute h A (γ) ∈ S 1 , the holonomy of π M • γ with respect to the connection ∇ L :
By Stokes formula, we have:
(here D is the disc on the hyperbolic plane, bounded by the circle γ, and S is its area). On the other hand, the area of the geodesic disc equals
Thus, we get
Finally, by (14) , we find
This shows that (46) for k = 0 agrees with (18).
3.4. The Katok example. Suppose that the manifold M is the two-sphere
In the spherical coordinates x = sin θ cos ϕ, y = sin θ sin ϕ, z = cos θ, θ ∈ (0, π), ϕ ∈ (0, 2π), the Riemannian metric g on M is given by
and the magnetic field form F by
Since the magnetic field form is exact, the quantization condition holds and the quantum line bundle L is trivial.
In the first order of perturbation theory, i.e. modulo ε 2 , this system describes the motion of a charged particle on the sphere of radius 1 in R 3 in the external magnetic field
Theorem 8. Let ϕ ∈ S(R), E = √ 2 and ε ∈ (0, 1) is irrational. If 0 is a unique period in supp(φ), then one has an asymptotic expansion
If 0 is not in the support ofφ, then one has an asymptotic expansion
the Maslov indices m k,± are given by (51) m k,± = 2 2k 1 ∓ ε + 2 sign k + 1.
Proof. If 0 is a unique period in supp(φ), then, by (17), we have
As in the case of the two-sphere, one can compute
that gives (49) . The Hamiltonian H given by (12) has the form
The reduced Hamiltonian system on X E is given by
This system is integrable with an additional first integral
It is easy to see that the system (52) has two particular periodic solutions, corresponding to the equator of the sphere, running in different directions:
with period
The length of the corresponding periodic trajectory
It turns out that, if E = √ 2 and ε is irrational, then these trajectories are the only periodic trajectories of the magnetic geodesic flow. Indeed, first of all, observe that the restriction of the Hamiltonian system to the energy level X E is described by the Lagrangian L(θ, ϕ,θ,φ) = E 2 − 1 (1 − ε 2 sin 2 θ)θ 2 + sin 2 θφ 2
(1 − ε 2 sin 2 θ) 2 − ε sin 2 θ 1 − ε 2 sin 2 θφ .
Therefore, this statement follows from Theorem 5 in [40] , where this Lagrangian is shown to be exactly a Finsler metric introduced by A. B. Katok in [29] . As observed in [40] , this metric was mentioned in [42] as an example of constant flag curvature Finsler metric on S 2 . Let us show that for an irrational ε the periodic trajectories ℓ ± are nondegenerate. In a neighborhood of ℓ ± , we can choose the variables (ϕ, θ, p θ ) to be coordinates on X E . Then the tangent space T (ϕ,θ,p θ ) X E of X E at a point with coordinates (ϕ, θ, p θ ) consists of all (Φ, Θ, P ϕ , P θ ) ∈ T (ϕ,θ,pϕ,p θ ) (T In particular, if (ϕ, θ, p θ ) ∈ ℓ ± , then (Φ, Θ, P ϕ , P θ ) ∈ T (ϕ,θ,p θ ) X E if and only if P ϕ = 0. The system of variational equations for the system (52) along the solutions (53) has the formΘ
This system can be easily solved:
Θ(t) =Θ(0) cos a ± E t + 1 − ε 2 a ± P θ (0) sin a ± E t,
2 P ϕ (0)t + Φ(0), P θ (t) = − Θ(0) a ± 1 − ε 2 sin a ± E t + P θ (0) cos a ± E t, P ϕ (t) =P ϕ (0), where we put
For (ϕ, θ, p θ ) ∈ ℓ ± , the tangent space T (ϕ,θ,p θ ) ℓ ± consists of all (Φ, Θ, 0, P θ ) ∈ T (ϕ,θ,p θ ) X E such that Θ = 0, P θ = 0. Therefore, one can take (Θ, P θ ) to be coordinates in the normal space T (ϕ,θ,p θ ) X E /T (ϕ,θ,p θ ) ℓ ± . The Poincaré map P ℓ ± takes an initial point (Θ(0), P θ (0)) to the solution (Θ(t), P θ (t)) given by (55) evaluated at a period t = T , where T is given by (54). We have:
Θ(T ) =Θ(0) cos α ± + 1 − ε 2 a ± P θ (0) sin α ± , P θ (T ) = − Θ(0) a ± 1 − ε 2 sin α ± + P θ (0) cos α ± , where
Thus, the Poincaré map P ℓ ± is given by the (2 × 2)-matrix P ℓ ± = cos α ± 1−ε 2 a ± sin α ± − a ± 1−ε 2 sin α ± cos α ± .
In particular, we have |I − P ℓ ± | = 4 sin 2 α ± 2 .
For E = √ 2, the equalities hold:
Hence, if ε is irrational, the periodic trajectories ℓ ± are non-degenerate. Thus, if 0 is not in the support ofφ, then d = 0, and we can use the formula (19) . Let us compute the action of ℓ ± . By Stokes formula, we get
By (14) , it follows that
In particular, for E = √ 2, we have
Let us compute the Maslov index m γ for the periodic trajectory with period
Since the form F is exact, the Hermitian line bundle L is trivial as well as the orthonormal frame bundle S:
In the coordinates (θ, ϕ, χ) ∈ (0, π) × (0, 2π) × (0, 2π) on S, the connection form α : T S → R has the form α(θ, ϕ, χ) = dχ + ε sin 2 θ 1 − ε 2 sin 2 θ dϕ.
The horizontal distribution of the connection is spanned by the vectors The generating function of the linear symplectic map df T given by (58) has the form F (Θ, Φ, X, P θ , P ϕ , P χ ) = ΦP ϕ + XP χ
For the signature of the matrix R given by (23), we get sgn R = 1 + 2 sign k, if ℓ ∈ Z, ℓ < 2k 1∓ε < ℓ + This completes the computation of (19) in this particular case that gives (50). Theorem 8 is proved.
